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Abstract 
The same as with dynamic models, all analytical biomechanical models can be analyzed directly, when going essentially from 
cause to effect, or indirectly (inversely) when going from effect to cause. This article presents the dynamic model with a 
degree of freedom, regardless of the structural model adopted. From the results it was observed that the torque of the joint 
reaction forces depending on the mechanical loading conditions of the analyzed body segment is a functional parameter of 
any technical system  used in the rehabilitation of the elbow joint. 
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1. Introduction 
The same as with dynamic models, all analytical biomechanical models can be analyzed directly when going 
essentially from cause to effect or indirectly (inversely), when going from effect to cause. 
The biomechanical modelling of anatomical arm-forearm system is based on the inverse dynamics, which 
includes a series of techniques for mechanical and mathematical calculating (Morrey, Chao and Hui, 1979).  
The proposed steps can be summarized as follows: reducing internal forces (muscle forces from tendons and 
contact between the bone surfaces) to a single resultant force representing all internal forces, analytical writing 
and solving the motion equations for the important phases in flexion-extension forearm movement in order to 
determine the characteristic parameters of the dynamic modeling of the system anatomically analyzed; the 
movement phases of the forearm towards the arm will be chosen depending on the muscle groups that perform 
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either flexion, or extension, the torque determination of the resultant force on the elbow joint (Paraschiv et.al, 
2012; Cimpoeșu et al., 2010) 
In the case of direct static models, it starts from knowing all static mechanical loads acting on the system 
biomechanical and determine the appropriate position of equilibrium. To reverse or indirect static analysis, static 
equilibrium position is known and determines the forces and moments of forces capable of maintaining 
biomechanical system in this position. Static equilibrium position is determined by a number of geometry 
coordinates, linear or angular. 
To determine the resultant force Rc and Mc moment resultant in the scalar form, it starts from the expression of 
the forearm movement, as in the equations (1) (vector equations of dynamic equilibrium of the forearm, written 
compared to a mobile reference (Qx'y ')): 
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leading to the scaling equations by multiplying the unit vectors i , j  and k . 
Over the forearm it will be considered the action of the following mechanical loads (Fig. 1), in flexion – 
extension movement: the gravity force of the forearm, ab
G
, the external force at the hand level, gF ,as the force 
given by a weight held in the hand during an rehabilitation exercise after an injury to the elbow joint, the resulted 
force c
R
 from the elbow joint, the elbow articular moment, c
M
.  
If we consider that  
0
abC
y
 and moments of inertia are neglected xzI  şi yzI  , namely 0II yzxz  , then 
equations (1) become: 
jFiFjGiGjRiRjxmixm
yxyxyxabab ggababccCab
2
Cab  &
            (2) 
the first equation, resulting from the impulse derivation: 
kcosLFkcosxGkMkI abgCabc ab & ,  
second equation, resulting from the kinetic moment derivation. 
The scaling equations, obtained by projecting the above vector equations on the axis of the reference system 
integral with the forearm (x'Oy'z ') are: 
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From the system of equations (3) results the components of the joint reaction torque: 
 
xxabx gabCabc
FGLmR  2
,        (4) 
yyaby gabCabc
FGLmR  & ,         (5) 
 coscos  abgCabc LFLGIM ab& .      (6) 
 
 
Fig. 1. Mechanical loading of the forearm in flexion – extension [1] 
The components of the forces ab
G
 and gF  to the system of axes (x’Oy’z’), can be expressed in terms of fixed 
axes system (xOyz) by the relations: 
 
sin abab GG x ,  cos abab GG y , sin gg FF x ,  cos gg FF y . 
 
Under these conditions, equations (4) and (5) become: 
 
 sinsin2  gabCabc FGLmR abx ,      (7)  coscos  gabCabc FGLmR aby & .      (8) 
 
The resultant reaction force in the elbow joint, taking into account the (2), is calculated by the expression: 
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The elbow resulting articular torque can be written as scalar: 
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From equation (10), taking also into account (9), it is noted that resulting torque from the elbow joint depends on 
several anthropometric parameters of the analyzed subject (forearm weight, "mab" mass moment of inertia 
relative to the axis Oz, "I '"forearm length," Lab " center of mass position of the forearm to the elbow joint, 
„ abC
L
”), the flexion-extension movement parameters of the forearm during the articulation rehabilitation (the 
angle of flexion-extension, „  ”, angular velocity or the forearm rotation frequency, „  ” and angular 
acceleration of the forearm motion, „ & ”) and the weight that the therapist gives the patient to hold in the 
palm (by force of gravity, "Fg"). 
2. Numerical results 
Articular rehabilitation at the upper or lower limb of the human body using either a mobile orthesis or a 
mechanism designed to generate and control the movement of a body segment, involves knowing both specific 
values of that joint kinematic characteristics (in particular, angular amplitude for the active and passive 
movements) and dynamic characteristic data on the articulation reaction forces and moments. (Shiba et al., 1998; 
Hall and McKee, 2005) 
Normal articulation amplitudes are the same, with small differences irrelevant for all individuals of the same 
age, regardless of sex or anthropometric data, while the reactions of a joint torque depends on the size of the 
subject of the analyzed anthropometric and mechanical loading condition which is subject to the corporate 
segment considered. For this reason, static or dynamic analysis, where appropriate, a custom segmental 
biomechanical system is very important in any system design and implementation of articular rehabilitation 
techniques for passive movement, especially. (Hidler et al, 2007) To determine the torque resulting of the elbow 
joint, as observed in the expression (10), there are necessary more anthropometric sizes (lengths segmentation, 
mass, moments of inertia, etc.), shown in Table 1. 
Table 1. The calculation of anthropometric sizes 
                 Segment 
 
Anthropometric size 
Arm Forearm 
Forearm 
and arm 
The entire upper 
limb 
Length 0,186 ∙ H 0,146 ∙ H 0,252 ∙ H 0,438 ∙ H 
Position of center 
mass 
proximal 
 
0,436 ∙ Lb 0,430 ∙ Lab 0,682 ∙ Lab-m 0,530 ∙ Lms 
distal 0,564 ∙ Lb 0,570 ∙ Lab 0,318 ∙ Lab-m 0,470 ∙ Lms 
Weight 0,028 ∙ M 0,016 ∙ M 0,022 ∙ M 0,050 ∙ M 
Mass moment, in 
relation to 
mass 
center  
(0,322)2 x 
x M ∙ Lb 
(0,303)2 x 
x M ∙ Lab 
(0,468)2 x 
x M ∙ Lab-m 
(0,368)2 x 
x M ∙ Lms 
proximal (0,542)2 x (0,526)2 x (0,827)2 x (0,645)2 x 
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x M ∙ Lb x M ∙ Lab x M ∙ Lab-m x M ∙ Lms 
distal (0,645)2 x 
x M ∙ Lb 
(0,647)2 x 
x M ∙ Lab 
(0,565)2 x 
x M ∙ Lab-m 
(0,596)2 x 
x M ∙ Lms 
Observations: H [m] –the subject height; M [kg] – the subject weight; Lb , Lab [m] –the arm 
length and respectively of the forearm; Lab-m [m] – arm - hand segment length; Lms 
[m] – length of upper limb 
 
Numerical analysis on the resulting torque in elbow joint was performed for a human subject with a height H 
= 1.71 [m] and mass M = 76 [kg], for which it we determined the following anthropometric size calculated 
according to the relations in Table 1, the numerical values being then used in equation (10): Lb =  0,31806 [m]; 
Lab = 0,24966 [m]; Lab-m = 0,43092 [m]; Lms = 0,74898 [m]; the position of the mass center: proximal: arm – 
0,13867 [m]; forearm – 0,10735 [m]; forearm and hand – 0,29388 [m]; upper limb – 0,39695 [m]; distal: arm – 
0,17938 [m]; forearm – 0,14230 [m]; forearm and hand – 0,13703 [m]; upper limb – 0,35202 [m]; weight: arm – 
2,128 [kg]; forearm – 1,216 [kg]; forearm and hand – 1,672 [kg]; upper limb – 3,8 [kg]; time of the mass related 
to: mass-center: arm – 2,50630 [kg m2]; forearm – 1,74199 [kg m2]; forearm and hand – 7,17301 [kg m2]; upper 
limb – 7,70866 [kg m2]; proximal: arm – 7,10102 [kg m2]; forearm – 5,24969 [kg m2]; forearm and hand – 
22,39862 [kg m2]; upper limb – 23,68117 [kg ∙ m2]; distal: arm – 10,05638 [kg m2]; forearm – 7,94275 [kg m2]; 
forearm and hand – 10,45459 [kg m2]; forearm and hand – 20,21977 [kg m2]. 
 
 
Fig. 2 Rc force variation for 308995.1  [rad/s] and Fg = 0, Fig.3 Rc force variation for 308995.1  [rad/s] and Fg = 10 [N]  
 
Fig. 4. Rc force variation for 261799.0  [rad/s] and Fg = 0, Fig. 5. Rc force variation for 261799.0  [rad/s] and Fg = 5 [N] 
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Fig. 6. Rc force variation for 261799.0  [rad/s] and Fg = 10 [N], Fig. 7 The resulting moment variation, Mc 
Using the previous numerical data, as well as the analytical relations (4.10), we determined the variation of the 
resultant force graphs in the elbow joint, Rc, and the resultant moment, Mc, in flexion motion, for times 2 [s] and 
10 [s]. Because the flexion amplitude is  150 ° = 2.61799 [radians] and assuming a uniform motion of the 
forearm flexion with  constant and 0 , for the two considered times, will result the angular velocities 
308955.1  [rad / s], for t = 2 [s] and 261799.0  [rad / s], for t = 10 [s]. At the same time, we will 
consider three cases for the force of gravity in the hand g
F
, namely 
0Fg  , that the patient forearm moves 
freely without any weight in hand, 
5Fg   [N], the patient is holding a weight of 0.5 [kg ], 10Fg   [N], 
meaning the patient is holding a 1 [kg] weight. Assumption of uniform motion with constant angular velocity of 
the forearm may be adopted, especially for large times to achieve flexion, such as considered by 10 seconds. The 
angular velocity changes its way at the transition from flexion to extension, on the end of flexion or extension for 
a very short time, value zero. However, during rehabilitation exercise, due to slow movement of the forearm, the 
hypothesis of constant angular velocity can be accepted. In fig. 2-6 are presented variation graphs of the resultant 
force Rc, and in Fig. 7 the moment variation Mc is observed, under the conditions mentioned above.  
For Rc force there are several representations due to   force dependence, while for Mc there is a single 
representation because time is independent. From a mathematical perspective, the relation (9) implies that the 
values for 2cR to be positive, necessary for the existence of radical function in (10) and calculate the resultant 
articulation force
2
cc RR  . Numerical calculations have shown, however, that from a value of approximately 
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100° of flexion angle of the forearm and for the hand held weights, the value determined by equation (4.18) 
becomes negative, Rc unable mathematically to be defined. 
3. Conclusion 
The dynamic analysis of the elbow joint for the flexion-extension forearm movement can draw the following 
conclusions: dynamic analysis can be done, as at kinematic analysis, adopting either the structural model with 
one degree of freedom, or one with two degrees of freedom considering only flexion-extension or, for further 
analysis, two independent motions, flexion-extension and pronation-supination, the dynamic model adopted was 
the one with one degree of freedom. If by the dynamic analysis, it is wanted to determine torque of the 
articulation reaction, the forces vector method is applicable to the separation of the bodies, presented above, in 
which case the forces that cannot be analytically or experimentally determined are reduced at a given point at a 
unique torque (power and time), the method to reduce the forces in a given point it is useful to analyze the 
inverse dynamics.  Muscular forces, the forces of tendons, ligaments forces and the forces of the bone surfaces in 
contact are not known, they are reduced to a single torsion of the articulation reaction forces; in the case where it 
is desired to be obtained the motion equation, it is used one of the dynamic analytical methods. The torque 
articulation reaction forces, depending on the mechanical load condition of the analyzed body segment, it is a 
functional parameter of each technical used system in joint rehabilitation of the upper or lower limb, particularly 
of the elbow joint. 
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